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ON PARTIALLY FREE BOUNDARY SOLUTIONS FOR ELLIPTIC
PROBLEMS WITH NON-LIPSCHITZ NONLINEARITIES
V. BOBKOV, P. DRÁBEK, AND Y. ILYASOV
Abstract. We show that the elliptic equation with a non-Lipschitz right-hand side, −∆u =
λ|u|β−1u − |u|α−1u with λ > 0 and 0 < α < β < 1, considered on a smooth star-shaped
domain Ω subject to zero Dirichlet boundary conditions, might possess a nonnegative ground
state solution which violates Hopf’s maximum principle only on a nonempty subset Γ of the
boundary ∂Ω such that Γ 6= ∂Ω.
1. Introduction and main result
Let Ω ⊂ RN be a smooth bounded domain, N ≥ 2. Consider the boundary value problem
P(λ,Ω)
{
−∆u = λ|u|β−1u− |u|α−1u in Ω,
u = 0 on ∂Ω,
where λ > 0 and 0 < α < β < 1, that is, the nonlinearity in P(λ,Ω) is non-Lipschitz at zero.
The latter property prevents to conclude that nonnegative solutions of P(λ,Ω) a priori obey
the strong maximum principle or Hopf’s maximum principle (the boundary point lemma). In
fact, as it follows from [9] (see also [5, 8]), there exists λ∗ > 0 such that problem P(λ∗,Ω)
possesses the so-called free boundary solution (equivalently, compact support solution), which
is a nonzero solution u such that
(1.1)
∂u
∂ν
= 0 on ∂Ω,
where ν is the unit outward normal vector to ∂Ω.
Let us note that a symmetry result of [13] (see also [10]) together with a uniqueness result
of [9] force any connected component of the support of a nonnegative free boundary solution
of P(λ,Ω) to be a ball whose radius Rλ is uniquely defined by λ. Moreover, λ 7→ Rλ is a
decreasing function, as it follows from a simple scaling argument. Therefore, it is clear that
for any λ > λ∗ problem P(λ,Ω) has a continuum of free boundary solutions.
At the same time, in [7] there was proved the existence of λ > 0 such that for any λ > λ
problem P(λ,Ω) has a positive solution u which does satisfy Hopf’s maximum principle at
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every point of the boundary ∂Ω, i.e.,
∂u
∂ν
< 0 on ∂Ω.
The existence of two types of solutions described above naturally leads to the problem of the
existence of a complementary class of solutions. Namely, we consider the following question:
Is there a solution of problem P(λ,Ω) which violates Hopf’s maximum principle
only on a part of the boundary ∂Ω?
The aim of our note is to give an affirmative answer to this question. More precisely, we
are interested in finding so-called partially free boundary solution of P(λ,Ω), i.e., a solution u
which satisfies
(1.2)
∂u
∂ν
= 0 on Γ and
∂u
∂ν
6= 0 on ∂Ω \ Γ
for some nonempty subset Γ ( ∂Ω. Let us state our main result.
Theorem 1.1. Let N , α, β satisfy
(1.3) N ≥ 3, 0 < α < β < 1, 2(1 + α)(1 + β)−N(1− α)(1 − β) < 0.
Then there exist a bounded, strictly star-shaped (i.e., (x, ν) > 0 on ∂Ω) domain Ω ⊂ RN of
class C2 and a value λ > 0 such that problem P(λ,Ω) possesses a nonnegative partially free
boundary ground state solution.
Here, under a ground state solution of P(λ,Ω) we mean a solution u with the least action
property, namely, Eλ(u) ≤ Eλ(v) for any nonzero solution v of P(λ,Ω), where Eλ is the energy
functional associated with P(λ,Ω):
Eλ(u) =
1
2
∫
Ω
|∇u|2 dx− λ
β + 1
∫
Ω
|u|β+1 dx+ 1
α+ 1
∫
Ω
|u|α+1 dx.
Remark 1.2. The result of [3] on the existence of radial sign-changing solutions in combina-
tion with the compact support principle [12] implies that problem P(λ,Ω), considered on an
annulus Ω = BR2 \ BR1 , has for certain values of R1, R2, R2 > R1, and λ a radial positive
solution u such that
∂u
∂ν
= 0 on ∂BR2 and
∂u
∂ν
< 0 on ∂BR1 .
That is, u is a partially free boundary solution. However, apart from this example, the
existence of other partially free boundary solutions of P(λ,Ω), including the case in which Ω
is a simply connected domain, was not known to the authors.
Here and below, BR ⊂ RN stands for the open ball of radius R centred at the origin.
The proof of Theorem 1.1 is given in Section 3. We provide an explicit construction of the
domain with required properties. To this end, in Section 2, we recall some auxiliary results
based on investigations made in [5].
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2. Preliminaries
Our approach to prove Theorem 1.1 relies on the idea of the proof of the compact support
principle [12, Theorem 2] and the following result obtained in [5].
Theorem 2.1. Let N,α, β satisfy (1.3). Let Ω ⊂ RN be a bounded strictly star-shaped domain
of class C2. Then there exists λ∗ = λ∗(Ω) ∈ (0,+∞) such that for any λ ≥ λ∗ problem P(λ,Ω)
has a nonnegative ground state solution uλ, whereas for λ < λ
∗, P(λ,Ω) has no nonzero
solutions. Moreover,
(i) for any λ > λ∗ there holds
(2.1)
∫
∂Ω
∣∣∣∣∂uλ∂ν
∣∣∣∣
2
(x, ν) ds > 0,
(ii) uλ∗ is a free boundary solution, supp(uλ∗) = BR(Ω) is a maximal ball inscribed in Ω,
and uλ∗ is radially symmetric with respect to the centre of BR(Ω),
(iii) any sequence {uλn}, where λn ↓ λ∗, converges (up to a subsequence) strongly in H10 (Ω)
to some uλ∗.
The existence and nonexistence parts of Theorem 2.1 were obtained in [5, Theorems 1.1].
The assertion (i) follows from the following inequality for the Pohozaev identity:
(2.2) Pλ(uλ) := Eλ(uλ)− 1
N
∫
Ω
|∇uλ|2 dx = − 1
2N
∫
∂Ω
∣∣∣∣∂uλ∂ν
∣∣∣∣
2
(x, ν) ds < 0
for any λ > λ∗, see [5, Proposition 4.2 and Corollary 5.3]. The assertion (ii) is stated in [5,
Theorem 1.2], and the assertion (iii) follows from [5, Lemma 8.1].
Remark 2.2. Theorem 2.1 (ii) together with the uniqueness result of [9] imply that λ∗(Ω) =
λ∗(R(Ω)). That is, λ∗ depends only on the radius of a maximal ball inscribed in Ω.
Remark 2.3. Let λ > λ∗. Evidently, (2.1) means that uλ cannot be a free boundary solution.
At the same time, (2.1) does not provide more detailed information about the pointwise
behaviour of ∂uλ
∂ν
on ∂Ω. In particular, it is not known a priori whether uλ is either a partially
free boundary solution or it satisfies Hopf’s maximum principle on the whole of ∂Ω.
In Section 3 below, we will also need the following refinement of Theorem 2.1 (iii).
Corollary 2.4. Under the assumptions of Theorem 2.1, any sequence {uλn}, where λn ↓ λ∗,
converges (up to a subsequence) in C1(Ω) to some uλ∗.
Proof. Since λ∗ ∈ (0,+∞) and uλn → uλ∗ strongly in H10 (Ω) up to a subsequence, we see from
Theorem 2.1 (iii) that {uλn} is bounded in H10 (Ω). Therefore, applying the standard bootstrap
argument (see, e.g., [6, Lemma 3.2, p. 114]), we obtain that {uλn} is bounded in L∞(Ω). Thus,
the regularity result [11] implies that {uλn} is bounded in C1,γ(Ω) for some γ ∈ (0, 1). Finally,
the Arzelà-Ascoli theorem yields uλn → uλ∗ in C1(Ω) up to a subsequence. 
3. Construction
We will prove Theorem 1.1 in three steps.
4 V. BOBKOV, P. DRÁBEK, AND Y. ILYASOV
Step 1. Taking the ball B1 of radius 1, we define the value λ
∗ = λ∗(1), see Remark 2.2. Let
us fix any λ0 > λ
∗ and δ > 0 such that
(3.1)
sα+1
α+ 1
− λ0s
β+1
β + 1
> 0 for all s ∈ (0, δ).
Let us also fix some l0 > 1. We are going to show the existence of l1 > l0 and a supersolution
v of P(λ0,RN \Bl0) which has the following properties:
(i) v is radial;
(ii) v is nonnegative and nonincreasing;
(iii) v = δ on ∂Bl0 ;
(iv) v(x) = 0 for all x satisfying |x| ≥ l1.
The existence of such v was obtained in the proof of [12, Theorem 2] in more general set-
tings. We repeat some arguments from [12] applied to our particular case, for the sake of
completeness. Let us define a constant
C =
1√
2
∫ δ
0
(
sα+1
α+ 1
− λ0s
β+1
β + 1
)− 1
2
ds.
Note that C < +∞ due to the assumption 0 < α < β < 1 and the choice of δ. Consider a
function w = w(r) for r ∈ [0, C) given by the implicit formula
(3.2) r =
1√
2
∫ δ
w(r)
(
sα+1
α+ 1
− λ0s
β+1
β + 1
)− 1
2
ds.
Differentiating this equality, we get
(3.3) − w′(r) =
√
2
(
w(r)α+1
α+ 1
− λ0w(r)
β+1
β + 1
) 1
2
for all r ∈ [0, C). Thus, we deduce from (3.1), (3.2), and (3.3) that w′ < 0, w ∈ (0, δ],
w(0) = δ, and both w(r)→ 0 and w′(r)→ 0 as r ↑ C. Moreover,
(3.4) − w′′ = λ0|w|β−1w − |w|α−1w
on the interval r ∈ [0, C), as it follows from [12, Lemma 1 (ii)]. Recalling that w(r), w′(r)→ 0
as r ↑ C, we can extend w by zero for r ≥ C, and hence w is a solution of (3.4) for all r ≥ 0.
Let us now define v(x) = w(|x| − l0) for x ∈ RN \Bl0 . Using (3.4), we obtain
−∆v−
(
λ0|v|β−1v − |v|α−1v
)
= −w′′−N − 1|x| w
′−
(
λ0|w|β−1w − |w|α−1w
)
= −N − 1|x| w
′ ≥ 0,
since w′ ≤ 0. Thus, v is a supersolution of P(λ0,RN \Bl0) with the desired properties (i)-(iv)
stated above, where l1 = l0 + C. Moreover, since v is nonnegative, we also have
−∆v ≥ λ0|v|β−1v − |v|α−1v ≥ λ|v|β−1v − |v|α−1v for all λ ≤ λ0.
That is, v is a supersolution of P(λ,RN \Bl0) for all λ ≤ λ0.
Step 2. Let us fix any l > l1 and define a strictly star-shaped domain Ω as Ω = B1 ∪Cl ∪Vl
(see Figure 1), where
– Cl = Dr × (0, l) is an N -dimensional cylinder, Dr ⊂ RN−1 is the open ball of radius
r ∈ (0, 1) centred at the origin;
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– Vl is an appropriate residual part which smooths the boundary of B1 ∪ Cl in such a
way that Ω is strictly star-shaped and its boundary is of class C2.
l x10 1
r
x2, . . . , xN
l0
∂Bl0
l1
∂Bl1
uλn = 0
Figure 1. The domain Ω = B1 ∪ Cl ∪ Vl.
Note that, by construction, the radius R(Ω) of a maximal ball inscribed in Ω equals 1.
Consequently, λ∗(R(Ω)) = λ∗(1) coincides with the value λ∗ defined above. Thus, for any
λ > λ∗ there exists a corresponding ground state solution uλ of P(λ,Ω) obtained by Theorem
2.1. Now, taking an arbitrary sequence λn ↓ λ∗, we get from Corollary 2.4 that uλn → uλ∗
in C1(Ω) as n → +∞, up to a subsequence. Therefore, recalling that uλ∗ = 0 in Ω \ B1 (see
Theorem 2.1 (ii)) and l0 > 1, we deduce the existence of n0 > 0 such that
uλn < δ in Tl0 , ∀n ≥ n0.(3.5)
Here, Tl0 := Ω \Bl0 is the “tail” of Ω lying outside of Bl0 .
Step 3. Let us now compare uλn and the supersolution v. From (3.5) and the property (iii)
of v we have uλn ≤ δ = v on ∂Tl0 ∩ ∂Bl0 whenever n ≥ n0. Thus, recalling that uλn = 0 on
∂Tl0 \ ∂Bl0 and v is nonnegative (see (ii)), we conclude that uλn ≤ v on ∂Tl0 . Moreover, since
λn ↓ λ∗, we can take n larger, if necessary, to get λn ≤ λ0. Therefore, in view of (3.5) and the
fact that v is a supersolution of P(λn, Tl0), we can apply the weak comparison principle stated
in [12, Lemma 3] to deduce that uλn ≤ v in Tl0 , which yields uλn = 0 in Ω \ Bl1 due to (iv).
In particular, there exists a nonempty subset Γn ( ∂Ω such that
∂uλn
∂ν
= 0 on Γn. Since (2.1)
is satisfied for all λn, we conclude that uλn is a nonnegative partially free boundary ground
state solution of P(λn,Ω). This completes the proof of Theorem 1.1.
Remark 3.1. Clearly, the construction of Ω from above can be substantially generalized.
We conjecture that Theorem 1.1 holds true for any sufficiently smooth bounded strictly star-
shaped domain Ω, except maybe the case when Ω is a ball. More precisely, based on the
results of [7, 1] and Theorem 2.1, we conjecture that for any such Ω nonnegative ground state
solutions uλ of P(λ,Ω) have the following behaviour with respect to λ: there exists λ > λ∗
such that
(i) uλ is a partially free boundary solution for any λ ∈ (λ∗, λ);
(ii) uλ is positive;
(iii) uλ is positive and satisfies Hopf’s maximum principle on the whole of ∂Ω for any
λ > λ.
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We refer the interested reader to [2, 4] for additional discussions on problem P(λ,Ω).
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